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THE ASYMPTOTIC SOLUTION OF PROBLEMS OF THE ACTION OF A CONCENTRATED FORCE
AND A PIECEWISE-CONTINUOUS LOAD ON A TWO-LAYERED STRIP*

L.A. AGALOVYAN, M.G. ASRATYAN and R.S. GEVORKYAN

An asymptotic method /f1/ is used to solve a new class of elasticity
theory problems for a two-layered strip subjected to concentrated and
piecewise-continuous normal loads. The problems examined are
fundamental, in particular, in analyses of elastic foundations and bases
using the model of a compressive layer /2, 3/. A solution is obtained
by connecting the asymptotic solution for the strip /4/ with the
solution of the Flamant-Boussinesqg solution. Fairly simple asymptotic
formulas are derived for the desired stress and displacement fields that
can find direct application. The approach mentioned can also be
extended to laminar plates.

1. Boundary~value problems for a two-layered strip consisting of an isotropic and aniso-
tropic layer under conditions of total contact are examined. It is assumed that the longi-
tudinal edge of the anisotropic part is rigidly clamped while the isotropic part on  the
analogous edge is subjected to a concentrated force and a piecewise-continuous normal load.
We will first examine the case of a concentrated force.

We have the two-layered strip Q= {z,y: —I <z,
—hy <y < hy 20>k hy} where the layer 0y <Chy

is isotropic and the layer —# <y <(0 is anisotropic.
4 Let the concentrated normal force
P Oyy (Z, by) = —PB(2), 0y (2, hy) = U (1.1)
\ {1} ( k, act on the isotropic layer while the lower face of the
~ anisotropic layer is rigidly clamped
) g ) (1.2)
- e Uy (x’ —‘hz) . uy (.27, _}?'2) - -
It is required to determine the state of stress and
Fig.l strain of such a strip (Fig.l) if the complete contact
conditions
00 (2, 0} = 0,,@ (z,0), ufP (z,0) = u® (z, 0) (1.3)
=2z

are satisfied on the layer line of contact y = (, where the superscipt {1) corresponds to
the isotropic layer and the subscript (2) to the anisotropic layer. Arbitrary boundary-value
conditions of elasticity theory can be given on the side faces z = +I. They do not di-
rectly influence the procedure for determining the internal solution in the problems under
consideration, although the boundary layer is due to them /4, 5/.

We will seek the solution of problem (1.1) and (1.2) in the form

o+ 0", o<y <y-

_ (1.4)
Qéa)’ —hy Ly <O

Q

where @,®. and (@, are general integrals of the asymptotic solutions of mixed boundary-
value problems for the strips @, = {z, p: —I<<2z <L 0y <h} and Q, = {z, y: —1 <z,
—hy < ¥y < 0, 12> max {&;, hy)}, that have the form /4, 6/

O§n} — zexq-SQ(i»S)’ Ry, = {}, Ko = — 1 (1~5)
(s}
i, i, i,3)
6%, = 0% (&) + o2 (6. )
i,8) i i, 8)
ol = s (B) -+ alia) (8. )
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. % 1
aatis-b) 3 d(]“ $=
(i.%) X dC 6(' ) \ de
o e S
™ § 3 ) i \
o 0
au(“‘”
(i.5) (1) {ien) (,%)
Oxxge == "_‘(l) (@12 Opyy + alh"\u*) (111> 3
§ (1,5-1)
1) (i, 8) @) (1.5 (i) _(1.%) W 4
uf.f 9 _ 3( (G)(,(W* By Oypy -~ Boe Oy — —E dg
/
0

3
o) = (aolly) + afiofyy) - adoly)dt
E = a/l, L= yhy = yleTt, e = kil (hy > hy)
w == g /1 oW = uy‘“ ;, 1,2

i) (i (2) 10
A = (aPa) — a@P/all, AL - (afal — afy

)
AR == (aflaf? — aidal)/ai
The solution (1.5) contains four arbitrary integration functions oly*, o, ul"?,vf"®;
for each (i) Q" ,that satisfies the conditions

o) (a, hy) = 0, 0y (2, ) = —P8 (2) (1.6)
is the solution of the Flamant-Boussinesq problem for a half-plane € = {r,y: —oo << < oo,

—oo < ¥y < Iy}, that for a piecewise-continuous load has the form /7/

2 2
6(\? =—1I 0%) = Log» ol = e 1y (1.7
b
F 1 (1 —2v) r—E 4. 15w
ul! )ZQL—(E—V p () arcty - dt — 7 I

F 2(1 — w2
u§‘>:4(,7 )

o
2 p@nr @ mds + o L

Reyo 2R

&y = V@e—EF + (y —h)?
— BB
I“f’* 5 ( ) (I‘_g) (y hl) dg

where V=4 for a+ =3 and 9y =2 for a+ f =2,
Satisfying the contact conditions (1.3) and the boundary conditions (1.1) and (1.2) on

y=20 we obtain

ul? =y 4wl (0), v@ 2 =D i (0) (1.8)
o = ok’ + oy (0 ofie” =i’ + oy ? (0)
Oie) = — 0%y (Co)r Olye” = —0fy (Co)r Lo =T/
u(()&S) (A(z) (2») + A‘”’o‘f's’) _ uf:,s) (§ — 1)
o9 = (AQ6E + ADSE) — f's) € =—1)

Hence, the integration functions

0% = — 0% @), ol = —ofy (Co) (1.9)
(2'8) 0;1 :) (Co + 0(1; s) (0) (2»8) — 01(15:) (go + G(F' 8) (0)
(2 ) A(s) (U(F' 8) (O) . O;ly’:) (go)) 4 A;’) (G'(F ) (O) Gg}':) (go) - uf,.@) (g — 1)
v = AR (0 (0) — ol (L) + 487 (0 (0) — oD o) — v E = — 1)

3 48 " s S F,
uf)l,s) - ug%‘f) _ U,SF s) (0), L‘f)l $) b.‘(f sy L’(() 8} 0))
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are uniquely defined, where off'® (0) = F () = u P (0) = 'V (0) =0 for s-£( while

o (0) = o) (¢ = By 0), o (O)=0 (z =18y =0u""O)= I (z =1y =0), %" (0) =
Iy (=18, y = 0) are determined from (1.7) by the substitution z = I§, ¥y = 0. Therefore,

the solution of the problem can be calculated to any asymptotic accuracy by means of (1.4)
and (1.7) and the recursion relations (1.5) and (1.9).

Limiting ourselves to the accuracy O (e?) in determining the desired quantities, which
will normally be sufficient for practical applications, we will have the solution (the prime
denotes the derivative with respect to I):

For the isotropic layer 0 <{y<lh

(
Uw) = ny)’ Uﬁl) = U}/i) (1.19)
U Fy 1 -
ofid = ol = “, (a5, + AR — - )

. a(2)
u = ul — i+ by (AR5, + AR5, + 47— [ASG v+ 5 hs < AR —
J.l

A(z) + A(z)) 5 (2) By + aff —aff) (2)h ol
(2) w 6 Y - —2 ® xy

1) _ o 2)=
ug = ul" — ¥+ hy (Al Uyy + AT, + ('1) .’/hz (A26>Uyy + A85) +
1,0 %12 4@ AL ()
5 e < o A — —gy Aw + e B
11
1 1 1—2 1 v{ltw
a;l) = lliz) = TF a(lz) = —z—)‘

For the anisotropic layer —h, Ly <C0

(2} (2) \
(2) %1y = 926 —’ 1.11)
Oxy = Oxy + 1/( @ Ow T —& ny) (
41
Oyy = Oyy — Y0xy
(2),,(2) (2),(2) 2),(2)

¢® = — (@®5,, + a¥5,,) — He%e = afaff — afPals 5o |+
Oxx = (5) wv 28 xy (aﬁ))n vy (‘1521))’ xy

(0 o ho) (48 + ARG
u = (y + ho) (4506, + ART) + (y2 — hs?) X
[ (T”)) 48+ a?; AR — 4D )iy + (L“f)— AP — 24 )50
Pl ¥ h”){( @ 45— Ag)>a;” + ( @ 45— m> c’xu]

uP = (y + hy) (465, + Ao, +y(y + hz) ;z’«-:yy +

1 af . . .
‘z—(y“—"f)< ® 45+ — “‘ A“"—Aéi’) Bey + ha(y + o) 2 (2, Ag)o\,

Here
5 B zhi
By = 0% (y =0) = ———(1, oy (1.12)
_ 2P by
Gy = Oy (y = 0) = — s T

P(1Lv)(t—2v) = P4v)  am
7 arclg -+ g 7, oy

2Pp(1—
— Py =0 = U 0,0 4 EAEY 2

i=ul(y=0)=—

2. If the load acting on the edge y =4, 1is given in the form of a piecewise-continu-
ous function
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) —p(a), a<x<b )
Oyy (T y = Iy) = Oy (2) = 0, 2 & [a,b] 2.H
Oy (T, 4 = Ry) == 0" (@) =0, —l<Cax< 1

the solution (1.10) and (1.11) retains its form but o, 035), ) (j = z, y) are given by (1.7),

while &, = a,y) (z,0), & = uF (z, 0), 7 = uy P (z, 0).
We will present the solutions for certain cases often encountered in practice.

a) Let a uniformly distributed piecewise-continuous normal load (Fig.2) act at the edge
of the strip y =#h,

const, —a<{r<a
= 2.9
p(x) 0, |I\>a (2.2)
We have, to an accuracy O (g2} for the isotropic part of the strip 0 <y <{h
of) =0l + — A(z. y) 2.3)
W__ O | tay—hk) (z—a)(y—hx)]
=T T P —a ) (@ 1)
Eh, — 1 _,
09;)—: +_A(I y + 1T z ( gzs) Gyy Azzaxy ‘Eu>
1--v)(1—2 .
u® = (_")H(E*")"_ [( + a) arctg - + — (@ — a)arctg - z }:zl ] "

21l—wv)o
e Lyopmy ) PLCT) N (A‘”cw + AL oxy> +y7

r(—a y)
Aéza) + Am)] Oyy —

2) ‘ (2)
[A yh, +——h2 ( @ AR —

1 @
(TA yhy 2 (z)
Ww_ (14+v@B8—2v)0
v nE

‘4(2)}12 > axy
u

2(1—'\’)0

[2a —(y —h) Az, p)] +
[(x+ea)lnr(—a,y)—(x—a)lnr(a, y)] —
B+ by (AR, + ARG, — Y 4@yn5,, —

a
[v(14-v) AL hg——;_‘ (122) (2)h2+
i

.___14(2)h2 :| Ty

2a(y— hl)

Az, y) = arelg 5z 0

while the quantities for the anisotropic part —%, <{y <0 are determined from (1.11) but

Oy =0y + % A(2,0), By = % [ h:“(fato;) - f”] ((i_‘(;%)) ] @4
7= _@il’)_n(;;zl)_?_ [(z—— a) arctg I;a — (x - a)arctg x}:a ]—
e e
7= LEVCZI 195 - hya e, 0)] +
(1——~ Yo

[(z -+ a)lnr(-—a,0)— (z — a)Inr(a, 0)]

should be taken in (1.11) and in (2.3).
b) A normal load varying linearly along the section a <{z<(b (Fig.3)

B kx, a<{x<b
PE =10, s=(ab] (2.5)

acts on the edge y =hy.
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he states of stress and strain 1

1 th layers are
means of (1.1) and (1.11) in which the following should be substltuted

X )R — hy)? k
U(F)::_k__,_b(y hy) _ a(y — h) -Ii"‘T(y—hl)B

»3(h r3 / )

Ay .‘/I By ¥/ -
" zw_x)(y—mw__rw—w»—w—hﬁ —
Uy“‘—'(-/“h)[ @) 2 (a, y) } Bt B
oF) .i_(,,,_},_,_\ln sy Exop +
= n W VT r{ay) n
k(y —m) z@—m+u—mv__:u—w+w—mw]
E L (b, y) r(a, )
- H N ok = [ —_ '
u_i” = —-———“_;_v;fr:b ZV)k {r‘-‘ (U, y)arcig ——;_ I —— 7@, §jarieg ;_ :‘ T
b, c—b -
hw—mm:&g Zﬂ@—MMmi—T—w—Mm@; ;7<
(a— b}y —ho)} + LEDE (g —m) [(y— 1) B rxlnﬁH b—a]

wf = L2k [ by lnr 6.9) — @ p)Inr (e y) + bz (6 —a) +
2(a®—b%) —2z(x—b)Inr(b, y) +2z(x—a)Inra, y) + z(y —h)B +
M[bz-—a2+2(y—h )2111-r—(a—y)—-23:(y—h1) B]

2nE rb,y
B— ‘arct (/J—h)(y—-h‘\
=Ty (z—b)+<y—h,)’
_ - F)
=u (2,0, 7=u(z0) Ty=0 (20, F,=0dl(x0)

The solutions for the other cases are also written down in an analogous manner.

A1l the solutions are valid starting with distances from the tranverse edges z = I,
that equal the zone of boundary-layer spread. This zone can be ascertained by the method
described in /5/. To have a complete representation of the nature of the stress and dis-
placement distributions near the edges z = 4I, it is necessary to append a boundary-layer
type solution to the solution mentioned.

Therefore, by combining the solution of the Flamant-Boussinesq problem with the asymp-
totic solution of the problem for a strip, the range of applications of asymptotic solutions
can be extended considerably /4, 6, 8/. We also note that the first layer can also be

anisotropic, in this case it is necessary to use the solution of the Flamant prcblem for an

anisotropic half-space. The approach described can also be used in analogous problems for
layers and plates.

REFERENCES

1. GOL'DENVEIZER A.L., Construction of an approximate plate bending theory by the method of
asymptotic integration of the elasticity theory equations, PMM, 26, 4, 1962.

2. VLASOV V.Z. and LEONT'YEV N.N., Beams, Slabs, and Shells on an Elastic Foundation. Fizmatgiz,
Moscow, 1960.

3. GORBUNOV-PASADOV M.I. and MALIKOVA T.A., Analysis of a structure on an Elastic Foundation
Stroiizdat, Moscow, 1973,

4. AGALOVYAN L.A., On the structure of the solution of a class of plane problems of elasticity
rhpnrv for an ani anrnrnn body. Mekhanika 2, 7=12, Izd. Erevan Univ, Erevan, 1982

...... an Mekhanika, 2, 7-12, Izd. Erevan Univ., Erevan, 1982.

5. AGALOVYAN L.A., Elastic boundary layer for a class of plane problems. Mekhanika, 3, 51-58,
Izd. Erevan Univ., Erevan, 1984.

6. AGALOVYAN L.A. and GEVORKYAN R.S., Non-classical boundary-value problems of plates with
general anisotropy. Proceedings of the 4th All-Union Symposium on Mechanics of Structures
of Composite Materials. Nauka, Novosibirsk, 1984.

7. LEIBENZON L.S., Course. in Elasticity Theory. Gostekhizdat, Moscow and Leningrad, 1947.

8. AGALOVYAN L.A. and GEVORKYAN R.S., On an asymptotic solution of mixed three-dimensional
problems for two-layered anisotropic plates, PMM, 50, 2, 1986.

Translated by M.D.F.



